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BIHARMONIC SUBMANIFOLDS IN A RIEMANNIAN
MANIFOLD WITH NON-POSITIVE CURVATURE
NOBUMITSU NAKAUCHI AND HAJIME URAKAWA∗
Abstract. In this paper, we show that, for every biharmonic sub-
manifold (M, g) of a Riemannian manifold (N, h) with non-positive
sectional curvature, if
∫
M
|η|2vg < ∞, then (M, g) is minimal in
(N, h), i.e., η ≡ 0, where η is the mean curvature tensor field of
(M, g) in (N, h). This result gives an affirmative answer under the
condition
∫
M
|η|2vg < ∞ to the following generalized B.Y. Chen’s
conjecture: every biharmonic submanifold of a Riemannian mani-
fold with non-positive sectional curvature must be minimal. The
conjecture turned out false in case of an incomplete Riemannian
manifold (M, g) by a counter example of Y-L. Ou and L. Tang [12]
1. Introduction and statement of results.
This paper is an extension of our previous paper [9] to biharmonic
submanifolds of any co-dimension of a Riemannian manifold of pon-
positive curvature. Let us consider an isometric immersion ϕ : (M, g)→
(N, h) of a Riemannian manifold (M, g) of dimension m into another
Riemannian manifold (N, h) of dimension n = m+ p (p ≥ 1). We have
∇Nϕ∗Xϕ∗Y = ϕ∗(∇XY ) +B(X, Y ),
for vector fields X and Y on M , where ∇, ∇N are the Levi-Civita
connections of (M, g) and (N, h), andB : Γ(TM)×Γ(TM)→ Γ(TM)⊥
is the second fundamental form of the immersion ϕ corresponding to
the decomposition:
Tϕ(x)N = dϕ(TxM)⊕ dϕ(TxM)
⊥ (x ∈M),
respectively. Let η be the mean curvature vector field along ϕ defined
by η = 1
m
∑m
i=1B(ei, ei), where {ei}
m
i=1 is a local orthonormal frame on
(M, g). Then, the generalized B.Y. Chen’s conjecture (cf. [1], [2],
[3], [4], [10], [11], [12]) is that:
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For an isometric immersion ϕ : (M, g) → (N, h), assume that the
sectional curvature of (N, h) is non-positive. If ϕ is biharmonic (cf.
See Sect. 2), then, it is minimal, i.e., η ≡ 0.
In this paper, we will show
Theorem 1.1. Assume that (M, g) is a complete Riemannian mani-
fold of dimension m and (N, h) is a Riemannian manifold of dimen-
sion m + p (p ≥ 1) whose sectional curvature is non-positive. If
ϕ : (M, g) → (N, h) is biharmonic and satisfies that
∫
M |η|
2 vg < ∞,
then, ϕ is minimal.
In our previous paper [9], we showed
Theorem 1.2. Assume that (M, g) is complete and the Ricci tensor
RicN of (N, h) satisfies that
RicN (ξ, ξ) ≤ |A|2. (1.1)
If ϕ : (M, g)→ (N, h) is biharmonic and satisfies that∫
M
H2 vg <∞, (1.2)
then, ϕ has constant mean curvature, i.e., H is constant.
Notice that, in Theorem 1.2 in case of codimension one, we only
need the weaker assumption, non-positivity of the Ricci curvature of
(N, h) ([12]). On the other hand, in Theorem 1.1, we should treat with
a complete submanifold of an arbitrary co-dimension p ≥ 1, and we
need the stronger assumption non-positivity of the sectional curvature
of (N, h). In proving Theorem 1.1, the method of the proof of Theorem
1.2 ([9]) does not work anymore. We should turn our mind, and have a
different and very simple proof. Finally, our Theorem 1.1 implies that
the generalized B.Y. Chen’s conjecture holds true under the assumption
that
∫
M |η|
2 vg is finite and (M, g) is complete.
2. Preliminaries.
2.1. Harmonic maps and biharmonic maps. In this subsection,
we prepare general materials about harmonic maps and biharmonic
maps of a complete Riemannian manifold into another Riemannian
manifold (cf. [5]).
Let (M, g) be anm-dimensional complete Riemannian manifold, and
the target space (N, h) is an n-dimensional Riemannian manifold. For
every C∞ map ϕ of M into N . Let Γ(ϕ−1TN) be the space of C∞
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sections of the induced bundle ϕ−1TN of the tangent bundle TN by
ϕ. The tension field τ(ϕ) is defined globally on M by
τ(ϕ) =
m∑
i=1
B(ϕ)(ei, ei) ∈ Γ(ϕ
−1TN), (2.1)
where the second fundamental form B(ϕ) is defined by
B(ϕ)(X, Y ) = ∇Nϕ∗(X)ϕ∗(Y )− ϕ∗(∇XY )
for X, Y ∈ X(M). Then, a C∞ map ϕ : (M, g) → (N, h) is harmonic
if τ(ϕ) = 0. The bitension field τ2(ϕ) is defined globally on M by
τ2(ϕ) = J(τ(ϕ)) = ∆τ(ϕ)−R(τ(ϕ)), (2.2)
where
J(V ) := ∆V −R(V ),
∆V := ∇
∗
∇V = −
m∑
i=1
{∇ei(∇eiV )−∇∇eieiV },
R(V ) :=
m∑
i=1
RN (V, ϕ∗(ei))ϕ∗(ei).
Here, ∇ is the induced connection on the induced bundle ϕ−1TN , and
RN is the curvature tensor of (N, h) (cf. [6]) given by
RN(U, V )W = [∇NU ,∇
N
V ]W −∇
N
[U,V ]W (U, V,W ∈ X(N)).
A C∞ map ϕ : (M, g) → (N, h) is called to be biharmonic ([2], [5],
[7]) if
τ2(ϕ) = 0. (2.3)
2.2. Setting of isometric immersions. In this sebsection, we pre-
pare fundamental materials of general facts on isometric immersions (cf.
[8]). Let ϕ be an isometric immersion of an m-dimensional Riemann-
ian into an (m + p)-dimensional Riemannian manifold (N, h). Then,
the induced bundle ϕ−1TN of the tangent bundle TN of N by ϕ is
decomposed into the direct sum:
ϕ−1TN = τM ⊕ νM, (2.4)
where ϕ−1TN = ∪x∈MTϕ(x)N , τM = dϕ(TM) = ∪x∈Mdϕ(TxM), and
νM = ∪x∈Mdϕ(TxM)
⊥ is the normal bundle. For the induced connec-
tion ∇ on ϕ−1TN of the Levi-Civita connection ∇N of (N, h) by ϕ,
∇X(dϕ(Y )) is decomposed corresponding to (2.4) as
∇X(dϕ(Y )) = dϕ(∇XY ) +B(X, Y
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for all C∞ vector fields X and Y on M . Here, ∇ is the Levi-Civita
connection of (M, g) and B(X, Y ) is the second fundamental form of
the immersion ϕ : (M, g)→ (N, h).
Let {ξ1, · · · , ξp} be a local unit normal vector fields along ϕ that are
orthogonal at each point, and let us decompose B(X, Y ) as
B(X, Y ) =
p∑
i=1
bi(X, Y ) ξi, (2.6)
where bi(X, Y ) (i = 1, · · · , p) are the p second fundamental forms of
ϕ. For every ξ ∈ Γ(νM), ∇Xξ, denoted also by ∇
N
Xξ is decomposed
correspondingly to (2.4) into
∇NXξ = −Aξ(X) +∇
⊥
Xξ, (2.7)
where ∇⊥ is called the normal connection of νM . The linear operator
Aξ of Γ(TM) into itself, called the shape operator with respect to ξ,
satisfies that
〈Aξ(X), Y 〉 = 〈B(X, Y ), ξ〉 (2.8)
for all C∞ vector fields X and Y on M . Here, we denote the Riemann-
ian metrics g and h simply by 〈 ·, ·〉.
We denote the tension field τ(ϕ) of an isometric immersion ϕ :
(M, g)→ (N, h) as
τ(ϕ) = Traceg(∇˜dϕ) =
m∑
i=1
B(ei, ei)
=
p∑
k=1
(Tracegb
k) ξk
= m
p∑
k=1
Hk ξk
= mη, (2.9)
where ∇˜ is the induced connection on TM⊗ϕ−1TN ,Hk :=
1
m
Tracegb
k =
1
m
Traceg(Aξk) (k = 1, · · · , p), and η :=
∑p
k=1Hk ξk is the mean curva-
ture vector field of ϕ. Let us recall that ϕ : (M, g)→ (N, h) is minimal
if η ≡ 0.
3. Proof of Main Theorem
Assume that ϕ : (M, g)→ (N, h) is a biharmonic immersion. Then,
since (2.9): τ(ϕ) = mη, the biharmonic map equation
τ2(ϕ) = ∆(τ(ϕ))−R(τ(ϕ)) = 0 (3.1)
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is equivalent to that
∆η −
m∑
i=1
RN (η, dϕ(ei))dϕ(ei) = 0. (3.2)
Take any point x0 in M , and for every r > 0, let us consider the
follwoing cut-off function λ on M :

0 ≤ λ(x) ≤ 1 (x ∈M),
λ(x) = 1 (x ∈ Br(x0)),
λ(x) = 0 (x /∈ B2r(x0))
|∇λ| ≤
2
r
(on M),
where Br(x0) := {x ∈ M : d(x, x0) < r} and d is the distance of
(M, g). In both sides of (3.2), taking inner product with λ2 η, and
integrate them over M , we have∫
M
〈∆η, λ2 η〉 vg =
∫
M
m∑
i=1
〈RN(η, dϕ(ei))dϕ(ei), η〉 λ
2 vg.
(3.3)
Since the sectional curvature of (N, h) is non-positive, h(RN(u, v)v, u) ≤
0 for all tangent vectors u and v at TyN (y ∈ N), the right hand side
of (3.3) is non-positive, i.e.,∫
M
〈∆η, λ2 η〉 vg ≤ 0. (3.4)
On the other hand, the right hand side coincides with∫
M
〈∇η,∇(λ2 η)〉 vg =
∫
M
m∑
i=1
〈∇eiη,∇ei(λ
2 η)〉 vg
=
∫
M
λ2
m∑
i=1
|∇eiη|
2 vg
+ 2
∫
M
m∑
i=1
λ (eiλ) 〈∇eiη, η〉 vg, (3.5)
since ∇ei(λ
2 η) = λ2∇eiη + 2λ(eiλ) η. Therefore, we have∫
M
λ2
m∑
i=1
|∇eiη|
2 vg ≤ −2
∫
M
m∑
i=1
〈λ∇eiη, (eiλ) η〉 vg. (3.6)
Now apply with V := λ∇eiη, and W := (eiλ) η, to Young’s inequal-
ity: for all V , W ∈ Γ(ϕ−1TN) and ǫ > 0,
±2 〈V,W 〉 ≤ ǫ |V |2 +
1
ǫ
|W |2,
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the right hand side of (3.6) is smaller than or equal to
ǫ
∫
M
λ2
m∑
i=1
|∇eiη|
2 vg +
1
ǫ
∫
M
|η|2
m∑
i=1
|eiλ|
2 vg. (3.7)
By taking ǫ = 1
2
, we obtain
∫
M
λ2
m∑
i=1
|∇eiη|
2 vg ≤
1
2
∫
M
λ2
m∑
i=1
|∇eiη|
2 vg + 2
∫
M
|η|2
m∑
i=1
|eiλ|
2 vg.
Thus, we have
∫
M
λ2
m∑
i=1
|∇eiη|
2 vg ≤ 4
∫
M
|η|2
m∑
i=1
|eiλ|
2 vg
≤
16
r2
∫
M
|η|2 vg <∞. (3.8)
Since (M, g) is complete, we can tend r to infinity, and then the left
hand side goes to
∫
M
∑m
i=1 |∇eiη|
2 vg, we obtain
∫
M
m∑
i=1
|∇eiη|
2 vg ≤ 0. (3.9)
Thus, we have ∇Xη = 0 for all vector field X on M .
Then, we can conclude that η ≡ 0. For, applying (2.7):
∇Xξk = −Aξk(X) +∇
⊥
Xξk,
to η =
∑p
k=1Hkξk, we have
0 = ∇Xη = −Aη(X) +∇
⊥
Xη, (3.10)
which implies that, for all vector field X on M ,

Aη(X) = 0,
∇⊥Xη = 0.
(3.11)
by comparing the tangential and normal components. Then, by the
first equation of (3.11), we have
〈B(X, Y ), η〉 = 〈Aη(X), Y 〉 = 0, (3.12)
for all vector fields X and Y on M . This implies that η ≡ 0 since
η = 1
m
∑m
i=1B(ei, ei). 
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